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Abstrat
Trees are a speial sub-lass of networks with unique properties, suh as the level distri-
bution whih has often been overlooked. We analyse a general tree growth model proposed by
Klemm et. al. (2005) to explain the growth of user-generated diretory strutures in omput-
ers. The model has a single parameter q whih interpolates between preferential attahment
and random growth. Our analysis results in three ontributions: First, we propose a more
eient estimation method for q based on the degree distribution, whih is one spei repre-
sentation of the model. Next, we introdue the onept of a level distribution and analytially
solve the model for this representation. This allows for an alternative and independent mea-
sure of q. We argue that, to apture real growth proesses, the q estimations from the degree
and the level distributions should oinide. Thus, we nally apply both representations to
validate the model with synthetially generated tree strutures, as well as with olleted data
of user diretories. In the ase of real diretory strutures, we show that q measured from the
level distribution are inompatible with q measured from the degree distribution. In ontrast
to this, we nd perfet agreement in the ase of simulated data. Thus, we onlude that the
model is an inomplete desription of the growth of real diretory strutures as it fails to
reprodue the level distribution. This insight an be generalised to point out the importane
of the level distribution for modeling tree growth.
1 Introdution
Tree strutures are pervasive in natural systems as well as in artiial ones [1℄. For example, in
geology, river networks are a paradigmati example [2℄. Moreover, trees also appear in biology, for
example in the vasular systems of animals and plants [3, 4℄. Reently, it was shown that these
transport systems exhibit universal saling properties, whih only depend on the dimensionality
of the spae they are embedded in [5℄. Apart from that, trees are fundamental in omputer
models of plant growth, also alled Lindenmayer-systems, [6℄.
Trees are not only pervasive in nature but also in the way humans struture knowledge and
information: Dierent speies have been historially lassied based on trees where eah node
represents one speies. First, through the linnaean taxonomi lassiation, where the omplete
hierarhy is known as the tree of life [7℄. Later through more evolved tehniques, suh as ladorams
[8℄, and (more reently) phylogeneti trees whih have helped to understand the diversiation
patterns at inreasing resolution [9℄. Interestingly, these phylogeneti trees show an outstanding
invariane when seen at dierent sales, ranging from inter- to intra-speies ones [10, 11℄. Another
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example of trees is the ategorisation of entries in Wikipedia. Even though Wikipedia is non-
hierarhially organised, the ategorisation forms an emergent tree struture [12℄.
Likewise, trees are dominant in omputer systems. They are a fundamental onept of algorithms:
data ompression, sorting, searhing and analysis of reursion are all tied to often highly sophis-
tiated hierarhial strutures [13, 14, 15℄. This also applies to one of the most obvious tree in
everyday work life: the diretory struture in our omputers. The rst popular fully hierarhial
le system was introdued with the UNIX operating system. Despite new non-hierarhial organ-
isation paradigms suh as tagging [16℄ or relational data bases [17℄, the hierarhial organisation
in diretories remains the indispensable basis of data storage in all modern omputer systems.
A model to desribe the growth of these diretory trees has been proposed in [18, 19℄.
From a formal point of view, trees are a speial sub-lass of networks. For example, in the
network growth model by Krapivsky et al. [20℄, if the number of added edges per time unit is
one, the resulting network is a tree. Furthermore, eah weighted network an easily by redued
to a minimum spanning tree. This method was for example used to desribe the bakbones
of omplex networks [21, 22℄. The fat that trees are a sub-lass of networks, however, should
not lead to the misoneption that they are trivial. Indeed they often show a high degree of
omplexity and oer a set of unique properties, not existent in general networks. For example,
many existing tree strutures exhibit saling laws in the sub-tree size or branh size distribution,
named allometri saling [1℄. Furthermore, in trees there is a speial node, the root, from whih
the tree grows. Thus, all trees also possess a level distribution as a harateristi property.
Given these signiant dierenes between networks and trees and their remarkable features,
suh allometri saling and level distribution, the tools developed for omplex networks are not
suient to apture the idiosynrati properties of trees.
Notwithstanding this insight, trees are all to often just treated as simplied networks. The aim
of this paper is to ll this gap. We fous on the tree growth model presented in [18℄. Although
introdued as a model to explain the growth of omputer diretories, this model onstitutes a very
general and straight-forward approah to the growith hierarhial strutures. As the main idea, it
interpolates two fundamental growth mehanisms: random growth and preferential attahment.
In this paper we omplement the results on this general model in several ways: We show that,
when rewritten in terms of the level distribution, the equations desribing the growth of the tree
an be solved and easily validated against the data. Moreover, we introdue an alternative method
to estimate the parameters of the model based on the degree distribution. We nd that both
methods allow us to obtain unbiased, independent estimations of the relevant model parameters.
Finally we ontrast the parameter estimation for omputer simulated data of the model with
real world data. We onrm that the model presented in [18℄ reprodues the properties of the
degree distribution of user generated diretories, but we nd that it falls short in reproduing
the orresponding level distribution.
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The paper is organised as follows. In Setion 2 we review the stohasti model of Refs. [18, 19℄
and the main results therein. In Setion 3 we solve two omplementary representations of the
stohasti model: one written in terms of the degree distribution, and another in terms of the level
distribution. Setion 4 shows the omparison between the estimation of the relevant parameters
with simulations and data gathered from dierent omputer pools. The losing Setion 5 presents
the nal summary and disusses the main results.
2 Model
The model introdued in Ref. [18℄ interpolates between two growth proesses: one based on
preferential attahment, and the other based on random attahment. Initially, at t = 1, there is
one node: the root node. Then, at every time step t, a node is added to the tree by one of two
dierent proesses: (i) with probability q, the node is added following a preferential attahment
rule: the larger the in-degree (k−1) of a node, the more probable the new node is linked to it. (ii)
otherwise, with probability 1− q, the node is added at random to one of the existing ones. Thus,
at time t the network size is N = t. Throughout this Paper, we will use N and t interhangeably
depending on the ontext.
The probability of adding a node to an existing one with degree k is dened by the following
equation:
Π(k) = q
k − 1
N
+ (1− q)
1
N
. (1)
The normalisation of the seond term (on the right-hand side) is straight-forward: eah node
is equally likely to be hosen at random; thus it is divided by N , the number of nodes in the
system. The normalisation of the rst term deserves a brief explanation. First, it is assumed that
edges in the tree are direted from hild to parent. Eah node has thus an out-degree of 1. The
in-degree is onsequently k − 1. The proper normalisation would be N − 2 as in a tree the sum
of all degrees equals 2(N − 1). We assume however that the root node has an initial degree of 2,
otherwise in the ase of q = 1 and time t = 1, Π(k) for the only existing node, root, would be
zero. For this reason, also the q term is normalised with N .
The authors of Ref [18℄ veried this model against real diretory data in two ways. First, by a
omparison of the allometri saling dened by the model and the one found in the data. The
authors showed that the model mathes the data in this respet. In the seond test, the authors
alulated from the data the seond, third, and fourth moment of the degree distribution as well as
the average distane between nodes. For eah of these four observed variables, the most probable
value of q was then estimated by extensive omputer simulation of the model, rejeting/aepting
randomly drawn values of q via a Monte Carlo method. The authors found an exellent agreement
between these values of q estimated independently.
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Apart from these tests, Ref. [18℄ shows that the degree distributions of the diretory trees exhibit
a non-universal exponent while the saling exponent of the distribution of branh sizes (i.e. sub-
tree size distribution) is a power law with a universal exponent whih equals 2. In Ref. [19℄ these
ndings were omplemented: In diretory strutures, the average distane to the root inreases
logarithmially with system size and the exponent of the allometri saling is in all the ases
lose to 1.
3 Analysis
3.1 Degree distribution
In this setion we present the results of our analysis of the model dened in equation (1). The rst
part is dediated to the degree distribution generated by the model, while Setion 3.2 addresses
the level distribution.
Just like networks, trees have a ertain degree distribution whih depends on their growth pro-
ess. To analyse this, we rst write down the exat disrete equations for the evolution of this
distribution over time. Next, we present losed forms for the reursive solution and analyse their
validity. Finally, we analyse how far onrete realisations of trees grown based on the model
dened in Setion 2 divert on average from the expeted average solution. This indiates how
well the parameter q an be estimated from a given degree distribution.
3.1.1 Disrete desription
The evolution of the degree distribution an be formalised as a set of reursive disrete equations.
Let K(k, t) be the number of nodes with degree k at time t. The initial ondition is the following:
at time t = 1 only one node exists, the root. It has by denition k = 2 (see equation (2)).
Equation (3) shows that the set of nodes with k = 1 is deremented by the expeted number
of its members being hosen to be linked to a freshly added node. Furthermore new nodes are
added here, hene a one is added. Finally, the number of nodes with degree k bigger than one
are inremented by the expeted number of nodes with degree k − 1 attrating a onnetion to
a new node and deremented by the expeted number of nodes with degree k attrating one
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(f. equation (4)). Thus, the whole set of equations is:
K(k, 1) = δk,2, (2)
K(1, t) = K(1, t−1) + 1− (1− q)
K(k, t−1)
t
, (3)
K(k, t) = K(k, t−1) (4)
+(1− q)
K(k−1, t−1) −K(k, t−1)
t
+q
(k−1)K(k−1, t−1) − (k−2)K(k, t−1)
t
.
Figure 1 shows the numerial solution of these equations for dierent values of q. First, for
q = 0.0, it an be seen that the degree distribution is exponential. This is beause for this
value, the growth of the tree is equivalent to a fully random network. For larger values of q, the
preferential attahment term has an inreasing weight. The urves for q = 0.5 and q = 0.9 show
that asymptotially (i.e. for large values of k) the distribution approahes a sale-free behaviour.
The limit ase q = 1, however evolves into a star as nodes with degree k = 1 an never be hosen
as target of a new node. Thus, the degree distribution for this ase is simply: K(t − 1, t) = 1,
K(1, t) = t− 1. This fat auses the dent in fgure 1 for q = 0.9 at k = 1.
100 101 102
10−4
10−2
100
102
degree  k
 
K(
k,t
=1
04
)
Figure 1: Degree distribution K(k, t) at t = 104 for dierent values of q obtained by reourse
of iteration of the disrete equations (2-4). The dierent lines orrespond to: q = 0.0 (dash-
dotted), q = 0.5 (dashed) and q = 0.9 (solid). The plot shows that for inreasing values of q,
the distribution is approahes a power law. The extreme ase q = 1 orresponds to a star, with
the root having k = t− 1 and all other nodes having k = 1.
3.1.2 Closed forms
As pointed out in Ref [18℄, the model onstitutes a partiular ase of the network growth model
developed in Ref. [23℄, given that only one link is added eah time step. The authors of Ref. [23℄
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also derived a losed form for the stationary degree distribution in the limit in innitely large
networks (i.e. when t → ∞). From this, we an infer the time dependent degree distribution.
We substitute the variables used in Ref. [23℄ by the ones used in Ref [18℄ as follows: m = 1 and
a = 1 + 1/q. The result is
K(k, t)
t
=
1
q
Γ(2q−1 − 1)
Γ(q−1 − 1)
Γ(k − 1 + q−1)
Γ(k + 2q−1)
. (5)
We use Γ to denote the Gamma funtion. For large values of k the asymptoti limit of the
distribution is
K(k) ∝ k−(1+q)/q . (6)
While solving equations in the limit of innitely large networks is a ommon pratie in the eld
of omplex networks, one must be autious when dealing with real data. The question is whether
or not the systems is large enough to justify the assumption N →∞. For example, real diretory
strutures analysed ontain between 102 and 105 nodes.
We have empirially omputed the deviation of the numerial solution of equations (24) from
the limit distribution dened by Eq. 6. The deviation is strongest for low values of q, i.e. q = 0
is the worst ase senario. Figure 2 shows how the thermodynami limit is approahed for the
ase q = 0.1 (Eq. 6 is undened for q = 0) for networks of oparable sizes to those found in our
data (102 and 105). The lines K(k, t)/N = 10−2 and K(k, t)/N = 10−5 are marked to indiate
the areas relevant for estimating q for these trees.
100 101 102
10−10
10−8
10−6
10−4
10−2
degree  k
 
K(
k,t
)/t
Figure 2: Comparison of the normalised degree distribution K(k, t)/N for q = 0.1 for dierent
system sizes with the asymptoti behaviour of the degree distribution in the thermodynami
limit (f. Eq. 6), depited with solid line. The dierent system sizes are: N = 102 (dash-dotted)
and N = 105 (dashed). Eq. (6) mathes Eqs. (24) in the relevant regions K(k, t)/N ≥ 10−2
and K(k, t)/N ≥ 10−5 (dotted lines).
To test whether Eq. 6 is a suient approximation, there must not be a deviation between
Eq. 6 and the Eqs. (24) at values larger than t−1. It an be seen that the degree distribution
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found for small system sizes are suh that the limit ase is still a good approximation of the
distribution found for real systems: The urve for the system size N = 102 mathes Eq. 6 for
K(k, t)/N ≥ 10−2. Also for N = 105 the limiting ase is a good approximation for K(k, t)/N ≥
10−5. Eetively, the nite-size eets are only observed with low probability and are all below
the K(k, t) = 1 line. For this reason, equation (5) ould onstitute an appropriate basis for
estimating q in a real data set.
3.1.3 Estimation of q from the degree distribution
When tting q from the degree distribution of a single data set, it is important to bear in mind
that equation (5) only desribes the expeted degree distribution (i.e. the one obtained after
building the average of a large number of onrete tree manifestations). Partiular realisations
may deviate from it. Figure 3(a), shows (with points) the average value for the degree distribution
over 103 realisations of the tree obtained by numerial simulation. The dashed lines display
the intervals in whih 90% of the degree distributions lie. The expeted values obtained via
equation (5) are represented with irles. It an be seen that the intervals around the average
values are relatively narrow.
In order to estimate the value of q for a given tree of size N , one an proeed as follows. First,
the degree distribution K∗(k, t) of the tree, is measured. Then, this distribution is ompared to
the expeted ones obtained through Eq. (5) for dierent values of q. The value q¯k is the one
whose assoiated degree distribution minimises the root mean square distane to the empirial
K∗(k, t).
How aurate the estimation atually is, an be found by determining the spei error margins
while estimating q for a single tree. To do so, we generated 104 dierent trees for eah q−value:
q = 0.0, q = 0.5 and q = 0.9, and a system size N = 2500. For eah run, q was estimated
by tting equation (5) with the least squares method desribed above. Figure 3(b) shows the
distributions of the estimated values of q. In the ase of q = 0.5 the empirially estimated error
margins for q are [0.48, 0.53]. Then, for q = 0.0, the orresponding estimated error margins for
q are [0.0, 0.05]. For q = 1.0 the estimation is always exat as the only possible manifestation
orresponds to a star. For this reason we analysed the ase q = 0.9 and found error margins of
[0.91, 0.89]. In all the ases, we set a ondene level of 90%. We an onlude that, using this
method, the parameter q an be well approximated by means of the degree distribution.
3.2 Level distribution of nodes
At dierene with what ours in non-hierarhial networks, trees possess a speial node, root,
from whih the tree starts its growth. Knowing the dynamis of the distribution of distanes
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Figure 3: (a) Deviation of single simulated trees from the alulated degree distribution
(q = 0.5, t = 2500). The solid line shows the mean of the simulations, irles the alu-
lated mean, the dashed lines mark the tunnel in whih 90% of the simulated trees lie. Panel
(b): distribution of estimated values of q by means of the degree distribution (see in-line text
for details) for trees generated by omputer simulations of the stohasti model desribed in
Setion 2. In the dierent plots: q = 0.0 (left), q = 0.5 (middle) and q = 0.9 (right). The tree
size is N = 2500 and the distribution is based on 104 simulation runs eah.
towards the root, unveils an alternative desription of the proess of tree growth. In this setion,
the evolution over time of this level distribution is solved. Moreover, it is shown that the equations
desribing the growth in terms of the level distribution are quite simple for the onsidered model,
and allow for an independent estimation of the parameter q.
Let L(l, t) be the number of nodes at distane l to the root node at time t; i.e. l denes the
level of the node. From the set of the levels of all nodes, the level distribution of the tree an be
ompiled (for an illustration see gure 4).
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Figure 4: Representation of the tree struture in terms of the level distribution: At level 0,
there is only one node, the root. From it, the tree is grown with the stohasti model desribed
in the text. The level distribution L(l, t) is simply given by the number of nodes at a distane l
of the root. In the gure we represent eah link with an arrow from hild to parent.
3.2.1 Disrete desription
In analogy to the reursive desription of the degree distribution in setion 3.1.1, we forumulate
reursive equations for the level distribution:
L(l, 1) = δl,0 (7)
L(0, t) = 1 (8)
L(l, t) = L(l, t−1) (9)
+(1− q)
L(l−1, t−1)
t
+ q
L(l, t−1)
t
, l ≥ 1.
First, equation (7) refers to the initial ondition of system in whih only one node exists at
level zero. Equation (8) expliits the ondition of uniqueness of the root node over time. To
understand Eq. (9) keep in mind that, adding a node at level l means that a node at level l − 1
was seleted as parent. The rst non-trivial term  the one preeded by the fator (1 − q) 
orresponds to the proess of random attahment. When nodes are seleted at random, this term
is proportional to L(l − 1, t). The last term represents the preferential attahment part, whih
ours with probability q. To explain it, one has to onsider that the probability to attah a new
node to an existing one in level l − 1 is proportional to the sum of the in-degrees on level l − 1.
Interestingly, in a tree, the sum of the in-degrees on level l − 1 is equal to the number of nodes
in the next level, i.e. L(l, t).
Figure 5 shows the expeted level distributions obtained by diret integration of Eqs. (79) for
dierent values of q at time t = 104. By inreasing q, the distribution shifts loser to the root,
and the tree is more shallow. In the limiting ase of q = 1, the tree takes the form of a star with
the root at level zero and all the other nodes at level 1. Lower values of q produe a broader
level distribution, generating deeper trees. The inuene of time (not shown in the gure) is
straight-forward: The larger a tree grows, the higher the average node depth will be. This eet
is stronger for lower values of q. In the next setion we investigate the losed forms desription
of this relationship.
9/16
M. M. Geipel, C. J. Tessone, F. Shweitzer:
A omplementary view on the growth of diretory trees
0 5 10 15 20
0
1000
2000
3000
4000
5000
level  l
 
L(l
,t=
10
4 )
Figure 5: Level distribution L(l, t) at t = 104 for dierent values of q obtained by reourse
of iteration of the disrete equations (7-9). The dierent lines orrespond to: q = 0.0 (dash-
dotted), q = 0.5 (dashed) and q = 0.9 (solid). The plot shows that for inreasing values of q,
the distribution is sharper, orresponding to atter strutures and the average level approahes
l = 1. The extreme ase q = 1 orresponds to a star, with the root node as entre.
3.2.2 Closed forms
In order to take a loser look at the inuene of t on the level distribution, it is needed to solve
the set of Eqs. (7-9), whih dene its evolution. In partiular it is possible to derive losed forms
for the extreme ases q = 1 and q = 0.
First, the ase of q = 1 is trivial: it produes a star with the root node as entre and the N − 1
other nodes loated at level 1, i.e.
L(0, t) = 1 ; L(1, t) = t− 1. (10)
The average level 〈L(l, t)〉 = 1−1/t in this ase, approahes the onstant value 1 for large enough
trees.
Seond, by rewriting the disrete time t into the ontinuous limit, the following dierential
equation represents the ase q = 0:
dL(l, t)
dt
=
L(l − 1, t)
t
. (11)
The initial ondition is L(0, 1) = δ1,l. As L(l, t) does not appear on the right hand side of the
dierential equation the solution for level l an trivially be obtained by diret integration of the
solution for level l − 1, divided by t. The general solution is found to be
L(l, t) =
∫ t
1
L(l − 1, τ)
τ
dτ =
1
l!
[ln(t)]l . (12)
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It is easy to see that, in order to obtain the normalised distribution, the normalisation onstant is
N , i.e. the number of nodes at time t. For any given time, the distribution orresponds to a Poisson
distribution, with parameter ln(t). Thus, the average level for the distribution is 〈L(l, t)〉 = ln(t)
and the variane Var(L(l, t)) = ln(t).
Thus, the broadest level distribution generated by this model has a mean that grows logarith-
mially in time.
3.2.3 Estimation of q from the level distribution
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Figure 6: Top: Deviation of single simulated trees from the alulated level distribution
(q = 0.5, t = 2500). The solid line shows the mean of the simulations, irles the alu-
lated mean, the dashed lines mark the tunnel in whih 90% of the simulated trees lie. Bottom:
Distribution of estimated q for simulations with q = 0.0 (left), q = 0.5 (middle) and q = 0.9
(right). The tree size is N = 2500 and the distribution is based on 104 simulation runs eah.
In a similar fashion as was done for the degree distribution, by means of equations (79) the
expeted level distributions an be alulated. Again, the level distribution obtained from a single
realisation of the stohasti model in Setion 2 might deviate from it. Panel (a) of gure 6 shows
how large this deviation really is. For 103 independent trees generated through simulations of
the stohasti model, the dashed lines depit the interval in whih 90% of the obtained level
distributions lie. The broad intervals for the expeted distribution suggest that estimating the
parameter q based on one tree instane might not be as aurate as the estimation based on the
degree distribution.
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Out of an empirially obtained level distribution of a tree with size N , the parameter q is esti-
mated as follows: First, the empirial level distribution L∗(l, t) is measured. Then, this distribu-
tion is ompared to the expeted ones (Eqs. 79) obtained for dierent values of q and the same
integration time t = N . The estimated value q¯l is the one whose assoiated level distribution
minimises the root mean square distane to the empirial distribution L∗(l, t).
It is important to know how the deviation of an estimated q from the real value used to syn-
thetially generate the tree aording to the model (Setion 2). This is done in analogy to the
analysis of the estimation based on the degree distribution (see setion 3.1.3). The growth model
was simulated 104 times for three dierent values of q: q = 0.0, q = 0.5 and q = 0.9 and system
size N = 2500. Then, the value of q was estimated aording to the above algorithm. Figure 6
(panel (b)) shows the distributions of the estimated q. In the ase of q = 0.0 (left plot), 90% of
the estimated values are in the interval [0.0, 0.13]. In the ase of q = 0.5 (middle plot), 90% of
the estimated values lie in the interval [0.35, 0.60], and q = 0.9 (right plot) yields error margins
of [0.83, 0.95]. Finally, for the trees generated with q = 1.0, the situation is similar to the one in
setion 3.1.3: the only possible tree is a star and thus q is always orretly estimated.
Compared to the auray with whih q an be alulated from the degree distribution (see
setion 3.1.3) the level distribution turns out to be a less aurate indiator of q.
However, it is worth remarking that (if a tree is produed by the proess introdued in Setion
2) both estimations must agree quantitatively. In the next setion, we test whether this is the
ase for user-generated diretory strutures.
4 Comparison of real-world data and model
In the previous theoretial investigations, we have represented the same model, equation (1), in
terms of two dierent distributions, degree and level distribution. They an be seen as alternative
ways of studying the same tree growth proess. Thus, the two methods for omputing the value of
the parameter q an be used to test whether the growth of a tree ourred following the studied
model. Eetively, if the model is able to orretly reprodue the degree as well as the level
distribution found in real diretory strutures, the q alulated based on L(l, t) should strongly
orrelate with the q alulated based on K(k, t).
In Figure 4(a), the estimation of q based on the level distribution (horizontal axis) and degree
distribution (vertial axis) is shown for 100 trees generated by the model of Setion 2. Eah
point orresponds to a tree of size N = 103 and a value of q uniformly drawn within the interval
[0, 1]. As expeted, both measures are strongly orrelated, and the points barely depart from the
identity funtion.
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In order to test whether the same applies to diretory strutures, we have olleted 20 user-
generated diretories orresponding to Linux/UNIX omputer failities. We have only onsidered
diretories as nodes of the network and did not inlude les or hard or soft links in the network.
Also onguration diretories (those with a leading dot, whih are automatially generated either
by the system or by partiular programs) have been disarded, as they are not onsiously
generated by the user, and they present approximately the same struture for every user. With
this, the trees obtained ontain between N = 119 and N = 75307 diretories (with median:
3467).
Figure 4(b) shows orrelation between the two estimation methods when applied to the dire-
tory data olleted. It an be seen that the orrelation between the two measures is lost. Thus,
the two estimated values of q are inompatible with eah other. This leads us to the onlusion
that the model by Klemm et al. in its urrent state reprodues the degree distributions of di-
retory strutures quite well as shown in Ref. [18℄, but fails to produe the orresponding level
distribution.
It is interesting to note that the parameter q is wide spread, overing the range [0, 0.9] when
estimating it by means of the degree distribution. This is in agreement with the experimental
ndings of Ref. [18℄, although in that referene an alternative Monte Carlo method was applied.
However, when the level distribution is used to estimate the parameter q, the values found lay in
the interval [0, 0.28]. This implies that the tree strutures found in real-world diretory strutures
are muh deeper than the predited by the model.
It ould be argued that the values of q measured are lower beause users might start their
diretory struture after a phony diretory, suh as the Desktop folder. Yet, performing the same
regression analysis on shifted level distributions shows that in most of the ases the distribution
must be shifted 3 or more levels in order to improve the orrelation between both estimators of
q. Suh shifts, it is important to remark, are unrealisti in this ontext.
5 Conlusions
In this paper we have investigated a stohasti growth model for trees, where a parameter q
interpolates between two limiting ases: random growth (q = 0) and preferential attahment
(q = 1). This model has been previously used to model the evolution of user-generated diretories
[18, 19℄, in partiular the properties of the degree distribution and allometri saling.
In this paper we extend the urrent state of this researh by means of three ontributions:
(i) We propose an alternative way of estimating the parameter q from data by tting an analytial
solution. We show that, even though nite size eets exist, the solution proposed in Ref [23℄ for
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Figure 7: In both plots, we ompare the values of q estimated through the tting of the level
distribution (on the horizontal axis), with the estimation of q obtained by means of the degree
distribution (in the vertial axis). Panel (a) shows suh a omparison for trees obtained by
diret simulation of the stohasti growth model introdued in Setion 2. The plot onsists
of 100 trees with values of q in the range [0, 1] and size 103. In this plot it is apparent a good
agreement between the two independent measures of the parameter q. Panel (b) shows the
results obtained when analysing 20 real diretory strutures with sizes between N = 119 and
N = 75307. Interestingly, in this ase the orrelation between the measures is lost.
the thermodynami limit is suiently aurate to estimate q analytially from the data. This
approah is more eient than the omputation intensive approah used in Ref [18℄.
(ii) We introdue the onept of level distribution as an important haraterisation of trees. We
argue that in order to verify a tree growth model, in addition to the degree distribution also the
level distribution has to be taken into aount. A model an laim evidene only if both of these
independent representations are mathed by the data. In the partiular ase of the stohasti
growth model desribed above, it means that both ways should lead to the same estimation of
the parameter q.
(iii) Applying our results for the degree and the level distribution to both simulated and user
generated data, we nd a perfet orrelation between the estimated q values for the simulated
trees, but no orrelation for the real-world user generated diretories. Hene, we have to onlude
that the growth of real diretory trees are not suiently aptured by the model given in [18℄.
In partiular, user diretories extend more in depth than the model predits.
Our ontributions also highlight that an analysis proven to be of relevane for omplex networks
does not neessarily give the full desription of hierarhial strutures, be they real or simulated.
Thus, dierent aspets (or omplementary desriptions, as was done in this Paper) must be
studied in order to fully haraterise these strutures.
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